DSC 243 — Homework 1
Convex Quadratics, Chebyshev Acceleration, and Krylov Methods

Instructions. Use the notation from the notes. Unless explicitly stated otherwise, assume

1
f(z)=za" Az — bz,

2
A=A" =0,
b € range(A),
a = Amin(4),
B = Amax(A),

and when a > 0, k = /a.

You may quote results proved in class or in the notes, but every nontrivial step must be justified.

Part I: Theory

T1. Gradient descent lives in the Krylov subspace. Let A be positive definite and consider
gradient descent with arbitrary (possibly iteration-dependent) stepsizes ng, 71,72, .. .

Ty = 2 — MV [ (k) = 2 — i(Azy — b).
(a) Show by induction that for every k > 1, we have
TE € g + ]Ck(A, 7‘0),

where rg = b — Axg is the initial residual.

(b) Deduce that the Krylov method (which minimizes f over zg 4+ K(A,ro)) produces iterates
that are at least as good as gradient descent with any choice of stepsizes:

Flap™) < f2gP).

T2. CG as coordinate descent in the A-orthogonal basis. Let A be positive definite on R%.
Assume that CG does not terminate before step d — 1, so that the search directions pq, ..., Ppd_1
are well-defined and form an A-orthogonal basis of R%. Define the change of coordinates

d—1

xr = xq9 + E Q; Pj,
J=0

and consider the objective rewritten in the new coordinates:
d—1

g(ao, ..., a4-1) == f(xo + Z Qj pj)'
=0

(a) First expand g and show that

d—1

glag, .., aq-1) )+ [ Apj (r(—)rpj)aj] + Z (p;—Api)aiaj.
=0 0<i<j<d—1

.

Use A-orthogonality to conclude that the cross terms vanish, and hence g decouples into a
sum of one-dimensional quadratics.



(b) Deduce that minimizing g over ap, ..., aq—1 simultaneously is equivalent to minimizing each
a; independently. Write the closed-form minimizer a;-.
(¢) The CG algorithm performs a line search along py at step k, obtaining
T ;.CT Pk
Pi Ap

Th41 = Tk + NPk, Nk =

Show that

TPk =T Phs
and deduce that 7, = of from part (b), so that CG is exactly coordinate descent in the {p;}
basis, processing one coordinate per iteration.

(d) Explain why this viewpoint gives an alternative proof that CG terminates in at most d itera-
tions.

T3. Support-dependent finite termination. Let A > 0, and let Ay,..., Ay be the distinct
nonzero eigenvalues of A with corresponding orthonormal eigenvectors vy, ..., v,,. Suppose the
initial residual satisfies

ro € span{vi,,...,v;.}
for some subset of r distinct eigendirections. Show that the Krylov method terminates in at most
r iterations.

[Hint: Use that every point in 29 + Kr(A4,r) can be written as xg + g(A)ro for some polynomial
q of degree at most k — 1.

T4. Repeated Chebyshev cycles. In this problem, assume A is positive definite and o(A) C
[a, ] C (0,00). Fix an integer s > 1, and let n1,...,ns be the degree-s Chebyshev stepsizes from
Theorem 3.1. Define the polynomial

S

ps(\) = JJ(x = n).

j=1
Repeat this same s-step schedule for M epochs, so the total number of iterations is N = M.
(a) Show that the error after N iterations is
en = ps(A)Yeo.
(b) Prove that

M
flon)— 1 < ( max \pw) (F(xo) - 7).

A€[a,B]
(¢) Deduce the bound

2N
Flon) = F* < (o) — f7) < 4V (*f - 1) (f(x0) — 1),

Ty(o) VeE+1
(d) Using the exact bound

flzn) = f* < jwl)m/[(f(xg) _f*)7

derive an iteration-complexity guarantee for the restarted scheme: how large must N = Ms
be in order to ensure

flan) — fr<e?

Express your answer in terms of k, s, €, and f(xg) — f*.



(e) The one-shot degree-N Chebyshev schedule satisfies

flan) = f* <

= Tyop V0 = 1)

Derive the corresponding iteration-complexity estimate for this one-shot scheme.

(f) Compare the two complexity estimates. In particular, identify explicitly where the restarted
method loses efficiency relative to the one-shot degree-N schedule.

T5. (Optional) Krylov convergence under clustered eigenvalues. In this problem, assume
A is positive definite and that its eigenvalues lie in a union of r disjoint intervals

[gluulL [627 UQ], ey [&”7”1”] C [Oé,,B]
Define the cluster centers and half-widths by

_fj—l—uj

Cj: B

Also define
. Ji U
Celust := 121?%%" g g (1 + Cz) .
(a) Consider the degree-r polynomial
. A
T (N) == H (1 — c]> .
7=1
Show that 7,(0) = 1 and that, for every A € [¢;,u;],
| (V)] < ﬁH 1+ 4
" S ety ¢i)’
i#j
(b) Deduce that
Alélﬁ}é) ‘WT‘(A” < Celust-

(c) Let ¢; be any degree-t polynomial with ¢(0) = 1, and define
pr-i—t(/\) = Wr(/\) Qt()\)-

Explain why p,4+(0) = 1 and why the Krylov method after r + ¢ iterations satisfies

rs) — 17 < (s iR ) (m [0 OO ) (7(00) — 1)

Aeo(A) A€[a,B]

(d) Now choose ¢; to be the degree-t shifted Chebyshev polynomial from Section 3. Deduce the
bound

) P 2t
Farse) = < 0% (7o) - £7) < 4Gk (Vo) (flan) = 1)



(e) Interpret the result. What happens when the clusters collapse to points, i.e. §; — 0 with the
centers c¢; fixed? How does this relate to the exact finite-termination theorem for » distinct
eigenvalues?

[Hints: For part (a), if A € [¢;, u;], then

1— A - M < (ij
¢ j ¢
For i # j, use
A A ;
h—§1+gyﬁ@
Ci Ci Ci

For part (d), combine parts (b) and (c) with the standard Chebyshev bound on [«, (].]

Part II: Experiments

El. CG termination and spectral support. Take d = 120 and let
A = diag(A1, ..., A20,0,...,0),
where Aq, ..., Ao are 20 distinct positive numbers of your choice. Let
¥ =1eR% b= Az*,
so that z* is a minimizer.

(a) Choose xq so that the initial residual 1o = b — Azg = A(x* —x¢) is supported on exactly r = 3
eigendirections corresponding to nonzero eigenvalues, and run CG. Plot ||rg||/||7o]|-

(b) Repeat with ¢ supported on exactly » = 6 nonzero eigendirections.

(c) Repeat with a generic initial point z;p such that the resulting residual ro = b— Az has nonzero
components along all 20 nonzero eigendirections.

(d) Compare the observed termination behavior with the prediction from Problem T1.

E2. One-shot Chebyshev versus restarted Chebyshev. Take d = 200 and

. 99 99
A-dl&g(l,1+d_1,1+2d_1,...,100>,

so that A is positive definite with k = 100. Let
¥ =1eR% b= Az*.
Let N =120, and use the same generic random initial point xg for every method.

(a) Run one-shot degree-120 Chebyshev acceleration.

(b) For each cycle length s € {5,10,20,30}, run restarted Chebyshev with repeated s-step cycles
until N iterations are used.

(c) Plot the relative suboptimality

of all methods on the same graph.



(d) Report which restart length performs best empirically, and compare this with the theory from
Problem T2.

E3. CG under clustered spectra. Fix d = 180 and cluster centers
Cc1 = 2, Cy = 20, Cc3 = 80.

For each v € {1071, 1072, 1073}, construct a diagonal positive definite matrix whose eigenvalues
consist of 60 points in each interval

=260 citael,  G=123

For example, you may take the eigenvalues to be uniformly spaced within each interval. For each
such matrix, set
¥ =1¢eR% b= Az*,

and use the same generic random initial point z( for all runs.

(a) For each choice of v, run CG and plot

flzg) — f*
f(zo) — f*
versus k on a semilog scale.

(b) On the same plots, overlay the standard worst-case Chebyshev/Krylov bound based only on
the condition number x of that matrix.

(c) Also overlay the clustered-spectrum bound predicted by Problem T3: for £ > 3, use the
constant Ceust from T3 and the estimate

P 2(k—3)
f(xk)_f*§4ccglust <£+1> (f(l'o)_f*)

(d) Compare the three curves. Does the empirical CG behavior track the clustered-spectrum
prediction more closely as the clusters become tighter?

(e) Briefly explain how the experiment illustrates the transition from generic O(y/klog(1/¢))
behavior toward near finite termination.



